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Operator-sum representations of quantum channels can be obtained by applying the channel to
one subsystem of a maximally entangled state and deploying the channel-state isomorphism. How-
ever, for continuous-variable systems, such schemes contain natural divergences since the maximally
entangled state is ill-defined. We introduce a method that avoids such divergences by utilizing
finitely entangled (squeezed) states and then taking the limit of arbitrary large squeezing. Using
this method we derive an operator-sum representation for all single-mode bosonic Gaussian channels
where a unique feature is that both quantum-limited and noisy channels are treated on an equal
footing. This technique facilitates a proof that the rank-one Kraus decomposition for Gaussian
channels at its respective entanglement-breaking thresholds, obtained in the overcomplete coherent
state basis, is unique. The methods could have applications to simulation of continuous-variable
channels.
PACS numbers: 03.67.Hk, 03.67.Mn, 42.50.Ex
I. INTRODUCTION
A quantum channel is a quantum process that de-
scribes valid state transformations of a given system.
Quantum channels are mathematically described by com-
pletely positive and trace preserving maps. Every quan-
tum channel has a (non-unique) Stinespring [1] or unitary
dilation, where the channel action on the system is de-
scribed through a unitary interaction with an appended
system that is subsequently discarded.
It is well-known that any quantum channel can be de-
composed into what is known as an operator-sum repre-
sentation or Kraus decomposition [2, 3]. In cases where
the unitary dilation is known, the Kraus decomposition
can be obtained in a straight-forward manner by eval-
uating suitable matrix elements of the unitary. How-
ever, if the channel is described by its action on states,
an alternative method exists to obtain a Kraus decom-
position that uses the Choi-Jamiolkowski channel-state
isomorphism [4, 5]. For finite-dimensional systems, the
channel is applied to one subsystem of a maximally en-
tangled state. From any pure state decomposition of the
resulting state one obtains a corresponding set of Kraus
operators.
The transition from finite to infinite dimensions with
respect to the Choi-Jamiolkowski isomorphism is a non-
trivial problem that needs a detailed discussion [6–8].
The main reason being that the notion of a ‘maximally
entangled’ state is ‘ill-defined’ for continuous-variable
systems.
To circumvent such technicalities and divergences, we
devise a procedure which makes effective use of the two-
mode squeezed vacuum state
∣Ψr⟩ = sechr
∞
∑
j=0
(tanh r)j ∣j j⟩, (1.1)
and techniques of phase-space quantum information the-
ory. The idea is to evaluate a pure state decomposition of
the bipartite state (Φ⊗11)∣Ψr⟩⟨Ψr ∣ and then take the limit
r →∞ from which the Kraus operators of the channel Φ
are obtained. We demonstrate our method by obtain-
ing a Kraus decomposition for all single-mode bosonic
Gaussian channels in the Fock and coherent state basis.
Gaussian states and Gaussian channels have received
considerable interest recently in view of its applications
to quantum information processing [9–12]. Also, bosonic
Gaussian channels arise naturally in the description of
many optical systems such as light transmission through
optical fibers and amplifiers of optical signals [13–16].
The general structure of bosonic Gaussian channels were
presented in [17, 18], entanglement-breaking Gaussian
channels were characterized in [19, 20], nonclassicality-
breaking Gaussian channels were studied in [21–25], and
the canonical forms of single-mode Gaussian channels
were detailed in [26, 27].
The operator-sum representations for all single-mode
bosonic Gaussian channels were obtained using the Stine-
spring dilations, and its implications were studied in
great detail in [21]. This Kraus decomposition has proven
particularly useful in the demonstration of robustness
of non-Gaussian entanglement over Gaussian entangle-
ment against noisy environments [28], apart from other
information-theoretic applications.
Our new approach of obtaining Kraus operators
of bosonic Gaussian channels allows us to prove
that the operator-sum representation of entanglement-
breaking Gaussian channels in terms of a measurement-
preparation in the over-complete coherent state basis is
unique at its respective entanglement-breaking thresh-
olds. The existence of a unique non-countable rank-one
operator-sum representation of entanglement-breaking
channels of infinite dimensional systems was shown with
2the help of a mathematical example in [19]. Our result
shows that this property is not a mathematical curios-
ity but is a natural occurrence among physically relevant
channels that are widely used to model optical commu-
nication systems.
The outline of the paper is as follows. In Sec. II we
recall the basic notions of the connection between Choi-
Jamiolkowski isomorphism and Kraus decomposition of a
quantum channel for finite dimensional systems. In Sec.
III we outline our general technique to develop operator-
sum representations for continuous-variable systems us-
ing the one-sided channel action on two-mode squeezed
vacuum states. In Sec. IV we derive a Kraus represen-
tation for quantum-limited bosonic Gaussian channels in
the Fock basis. We focus on the quantum-limited atten-
uator channel and deal with the rest of the channels in a
similar way in the appendices. In Sec. V we obtain rank-
one Kraus operators for all entanglement-breaking Gaus-
sian channels and prove that at its respective entangle-
ment breaking threshold, these operators are continuous-
indexed and unique. We conclude in Section VI.
II. CHOI-JAMIOLKOWSKI ISOMORPHISM
AND KRAUS OPERATORS
We recall some basic facts of finite-dimensional chan-
nels. Let Φ be a channel that transforms density ma-
trices of system A with Hilbert space HA to density
matrices of system B with Hilbert space HB. Positiv-
ity and trace-preserving properties of Φ are encoded as
Φ(ρˆA) = ρˆB ≥ 0, ∀ ρˆA ≥ 0 and Tr ρˆB = Tr ρˆA, respectively.
Additionally, due to complete positivity
ρˆBR = (Φ⊗ 11R) (ρˆAR) ≥ 0, (2.1)
where ρˆAR is any density operator acting on the enlarged
Hilbert space HA⊗HR, and 11R is the identity map on an
arbitrary auxiliary (reservoir) system R. In the special
case where the output state ρˆBR is separable for every
input state ρˆAR, Φ is called an entanglement-breaking
channel [29]. From now on we assume that HB = HA
for simplicity, and so we use only label A to denote the
system.
The fact that any channel Φ necessarily satisfies
Eq. (2.1), or equivalently is realized as a unitary dilation
(see Appendix A), implies that it admits an operator-sum
or Kraus representation [2–4]
Φ(ρˆA) = ∑
k
Ak ρˆ
AA
†
k, ∑
k
A
†
kAk = 11A, (2.2)
the Kraus operators {Ak} being independent of ρˆA.
While the first relation renders the complete positivity
property manifest, the second (resolution of unity) is
equivalent to the trace preserving requirement.
The Choi-Jamiolkowski isomorphism between channels
and bipartite states [4, 5] can be exploited to extract an
operator-sum representation directly from the complete
positivity requirement (2.1). Consider the bipartite op-
erator
ΓˆAR = d ∣Ψmax⟩⟨Ψmax∣ =
d
∑
i,j=0
Eij ⊗Eij , (2.3)
where {Eij = ∣i⟩⟨j∣} is the Kronecker basis for operators
of a d-dimensional system A, and ∣Ψmax⟩ = 1√
d
∑di=1 ∣i i⟩
is a maximally entangled state. Note that ΓˆAR is unnor-
malised since Tr ΓˆAR = d, and this fact is very crucial in
our analysis in subsequent sections. The local action of Φ
on subsystem A of ΓˆAR gives the unnormalized operator
ρˆAR = (Φ⊗ 11)(ΓˆAR) = ∑
i,j
Φ(Eij) ⊗Eij , (2.4)
and the Choi-Jamiolkowski state corresponding to chan-
nel Φ is given by
σˆAR ∶=
1
d
ρˆAR. (2.5)
Now positivity of ρˆAR guarantees the convex rank-one
decomposition
ρˆAR = ∑
k
∣Ak⟩⟨Ak ∣. (2.6)
The bipartite vectors ∣Ak⟩ = ∑ℓ,m a
(k)
ℓ,m
∣ℓ⟩⊗∣m⟩ are unnor-
malized, and its projections are written as ∣Ak⟩⟨Ak ∣ =[Ak ⊗ 11] ΓˆAR [A†k ⊗ 11], where the operators {Ak} are
Ak = ∑ℓ,m a
(k)
ℓ,m
∣ℓ⟩⟨m∣. That is, the isomorphism [5] be-
tween bipartite vectors ∣Ak⟩ ∈ HA⊗HR and linear (single
party) operatorsAk ∶ HA →HR enables one to construct
the Kraus operator Ak from the bipartite vector ∣Ak⟩ by
simply flipping the second ket to a bra. Note that work-
ing with the unnormalised operator ΓˆAR instead of the
maximally entangled state in Eq. (2.3) contributes to
this simple correspondence.
It is clear from Eq. (2.6) that for every pure state de-
composition of ρˆAR we obtain a corresponding operator-
sum representation of the channel Φ. Additionally, any
decomposition of σˆAR (ρˆAR) can be understood as result-
ing from a certain measurement on its purified state as
detailed in Appendix B. Finally, note that the separabil-
ity of σˆAR implies that Φ is entanglement breaking and
that it has a rank-one operator-sum representation [29].
III. SQUEEZED STATE APPROACH TO
KRAUS DECOMPOSITION
Inspired by the Choi-Jamiolkowski approach, we de-
velop our method for obtaining Kraus operators of
continuous-variable channels. We first develop the anal-
ogous steps for obtaining Kraus operators of continuous-
variable channels that is inspired by the finite dimen-
sional case outlined in Sec. II. The two-mode finitely-
squeezed states play an important role here since they
3have an important property that they have full schmidt-
rank and tend to the maximally entangled state in the
limit of arbitrarily large squeezing. Consider the unnor-
malised operator
Γr ∶= sech
−2 r ∣Ψr⟩⟨Ψr ∣ = ∑
m,n
(tanhr)m+nEmn ⊗Emn,
(3.1)
that is analogous to ΓAR, with suitable weights. Next
we consider the one-sided channel action on Γr and we
obtain the unnormalized operator
ρˆ(r) ∶= (Φc ⊗ 11)[Γr], (3.2)
and
σˆ(r) ∶= (Φc ⊗ 11) ∣Ψr⟩⟨Ψr ∣ (3.3)
plays the role of the Choi-Jamiolkowski state σˆAR.
Comparing Eq. (3.2) with Eq. (2.4), it is evident that
we need to evaluate a pure state decomposition of ρˆ(r)
to obtain the equivalent of Eq. (2.6) and then take the
limit r → ∞. Note that while in the finite dimensional
case ρˆAR and σˆAR are connected by a simple scalar factor
‘d’, in the continuous-variable case one has the factor
sech2r that connects ρˆ(r) and σˆ(r), and an important
subtlety that one has to also take the limit of arbitrary
large squeezing.
Our main examples for demonstration of the method
are single-mode bosonic Gaussian channels. It turns out
that any Gaussian channel Φ can be decomposed into
an initial Gaussian unitary U1 followed by a canonical
channel Φc defined by a canonical matrix pair (X, Y ),
and a final Gaussian unitary U2, i.e., Φ = U2 ○Φc ○U1. It
therefore suffices to obtain Kraus operators {T [Φc]} of
Φc where T [Φ] = U2 T [Φc]U1 are the Kraus operators of
Φ. We refer the reader to Appendix C for further details
on Gaussian states and channels.
To develop the required decomposition of σˆ(r) (and
simultaneously also for ρˆ(r)) is divided into four elemen-
tary steps as depicted in Fig. 1. Since all the states and
channels that are involved in the procedure are Gaussian,
we can directly work at the level of covariance matrices.
The first step is to calculate the covariance matrix V (r)
of σˆ(r). Now σˆ(r) results from sending one mode of the
(input) two-mode squeezed vacuum state ∣Ψr⟩ with vari-
ance matrix
Vsq(r) = (cosh2r 112 sinh2r σ3sinh 2r σ3 cosh2r 112) (3.4)
through the channel Φc (specified by (X,Y )), and its
covariance matrix reads as
V (r) = (cosh2rXTX + Y sinh2rXTσ3
sinh2r σ3X cosh2r 112
) . (3.5)
Note that requiring V (r) respect the uncertainty
principle V + iΩ ≥ 0 [30] for all r is equivalent to the
FIG. 1. The Choi-Jamiolkowski inspired technique to derive
the Kraus operators of a channel is divided in four steps: (1)
send one mode of a two-mode squeezed vacuum state ∣Ψr⟩
through channel Φ, (2) apply the Gaussian unitary operation
US that brings V (r) (the covariance matrix of the total output
state) to its diagonal canonical form, (3) apply a quantum-
non-demolition measurement to each mode, which output a
set of classical data (k1, k2), giving the indices of the Kraus
operators and a quantum state ∣k1⟩ ⊗ ∣k2⟩, and (4) undo the
unitary US giving the final set of vectors ∣Tk1,k2(r,Φ)⟩ from
which one obtains the operators Tk1,k2(r,Φ). Then in the
limit of large squeezing we obtain the final Kraus operators
Tk1,k2(Φ) = limr→∞ Tk1,k2(r,Φ) for the channel Φ.
complete-positivity condition of Φc. Channels which
saturate this condition are known as quantum-limited
channels. Further, the separability of the state corre-
sponding to V (r), given by the condition V (r)PT +iΩ ≥ 0
(PT stands for partial transpose [31]) for arbitrary r
is equivalent to the condition that the channel Φc is
entanglement breaking. Channels which saturate this
condition are said to be at its entanglement-breaking
threshold.
Remark: The reason we are able to obtain properties
of the channel through the state σˆ(r) corresponding
to V (r) is because taking the limit of arbitrary large
squeezing of ∣Ψr⟩ one obtains the ‘maximally entangled
state’. For Gaussian channels, it is an interesting
observation that both the complete-positivity and
entanglement-breaking condition are independent of the
value of r, and are therefore obtained even for finitely
squeezed test states. ∎
The second step is to apply the appropriate two-mode
Gaussian unitary operator US to σˆ(r) that brings V (r)
to its diagonal canonical form [30, 32]
Vcan(r) ≡ S V (r)ST = diag(ν+, ν+, ν−, ν−), (3.6)
where ν+ and ν− are the thermal parameters and also
the symplectic eigenvalues of V (r). Note that the su-
perscripts +,− on the thermal parameters ν+, ν− denote
the first and second mode respectively. We now have
σˆcan(r) = US σˆ(r)U †S to be a product of thermal states
σˆcan(r) = σˆth(ν+)⊗ σˆth(ν−). (3.7)
4The third step of our procedure is to obtain a decom-
position of this product thermal state either in the Fock
basis or in the coherent state basis depending on the con-
text. For instance, Eq. (3.7) is diagonal in the Fock basis{∣k1⟩⊗ ∣k2⟩} and, as we will see, the spectral decomposi-
tion of the thermal states (eventually) determines a set of
Kraus operators. One could alternatively see this stage
as two quantum-non-demolition measurements, one on
each mode, that output a set of classical data (k1, k2),
giving the indices of the Kraus operators corresponding
to the Fock state ∣k1⟩⊗ ∣k2⟩.
The fourth and final step of the procedure is to undo
the unitary US to recover a decomposition of σˆ(r) itself :
σˆ(r) = U †S σˆcan(r)US = U †S (σˆth(ν+)⊗ σˆth(ν−)) US
= ∑
k1,k2
⟨k1∣σˆth(ν+)∣k1⟩ ⟨k2∣σˆth(ν+)∣k2⟩
×U †S ∣k1, k2⟩⟨k1, k2∣US (3.8)
= sech2 r (ρˆ(r)), where
ρˆ(r) = ∑
k1,k2
∣Tk1,k2(r,Φ)⟩⟨Tk1,k2(r,Φ)∣, with
∣Tk1,k2(r,Φ)⟩ ∝ U †S ∣k1⟩⊗ ∣k2⟩. (3.9)
In Eq. (3.8) we used the fact that the thermal state
is diagonal in the Fock basis. The Kraus operators{Tk1,k2(r,Φ)} of the corresponding trace-non-preserving
completely positive map are read out from the respective
bipartite vectors {∣Tk1,k2(r,Φ)⟩} by flipping the second
ket to a bra, an instance of the Choi-Jamiolkowski
isomorphism. Finally, taking the limit r →∞ we obtain
the required Kraus operators of the Gaussian channel
under consideration.
Remark. It should be appreciated that steps 2 to 4
constitute a convenient device for obtaining a pure state
decomposition of the bipartite state σˆ(r) (and hence, also
of ρˆ(r)). ∎
IV. KRAUS DECOMPOSITION IN THE FOCK
BASIS
We begin our implementation of the above procedure
for the derivation of Kraus representation of attenua-
tors and amplifiers in the Fock basis. We focus on the
quantum-limited attenuator channel and derive its Kraus
operators in full detail. We then provide a Kraus decom-
position for the quantum-limited amplifier in Appendix
D and for the quantum-limited phase-conjugation chan-
nels in E. It turns out that we recover the same Kraus
operators for these quantum-limited channels as derived
earlier in Ref. [21]. This technique is then extended to
noisy amplifier, attenuator, and phase conjugation chan-
nels, in Appendix F.
A. Attenuator and amplifier channels
The attenuator channel C1(κ,α) and the amplifier
channel C2(κ,α), with losses/gain parameter κ and
noise parameter α, are specified by matrices (X,Y ) =(κ11, α11), with κ ≤ 1 and κ ≥ 1 respectively, and α ≥∣κ2 − 1∣. Under the one-sided action of the channel on∣Ψr⟩ the variance matrix of the output Gaussian state of
step 1 of our procedure in Sec. III is given by
V b/a(r, κ,α) = [(κ2 cosh2r + α)112 κ sinh 2r σ3
κ sinh 2r σ3 cosh2r 112
] . (4.1)
Here the superscript b/a denotes that we are dealing
with either the beam splitter (attenuator) or the am-
plifier channel. The pair (κ11, α11) represents a Gaussian
channel only if V b/a(r, κ,α) obeys the uncertainty prin-
ciple for arbitrary r, i.e., both its symplectic eigenvalues
ν+
b/a and ν
−
b/a are ≥ 1; but this is seen to hold if and only
if α ≥ ∣κ2 − 1∣, independent of r. To determine for what
values of α will the channel be entanglement breaking,
we apply the partial transpose test on V b/a(r, κ,α) of
Eq. (4.1) and see if it corresponds to a separable state.
As shown in [31], this is the case when the symplectic
eigenvalues ν˜±
b/a of the partially transposed variance ma-
trix V b/a(r, κ,α)PT are ≥ 1. It is readily verified that this
happens if and only if α ≥ κ2+1 [20], independent of r as
well.
Note that the diagonal blocks of V b/a(r, κ,α) are mul-
tiples of the unit matrix, while its off-diagonal block is
proportional to σ3. This readily suggests that it can be
diagonalized in step 2 by a two-mode squeezing transfor-
mation S(µ) ∈ Sp(4,R) where
S(µ) = [ coshµ112 − sinhµσ3− sinhµσ3 coshµ112 ] , (4.2)
tanh2µ =
2κ sinh2r
cosh2r + κ2 cosh2r + α
. (4.3)
The squeezing parameter µ of the transformation is thus
a function of r, κ, and α , i.e., µ ≡ µ(r, κ,α). The (doubly
degenerate) symplectic eigenvalues of V b/a(r, κ,α) are
ν±b/a =
1
2
[zb/a ±wb/a] ,
zb/a = [(α + (κ2 + 1) cosh2r)2 − 4κ2 sinh2 2r]1/2,
wb/a = α + (κ2 − 1) cosh2r. (4.4)
While we treated the beam splitter and amplifier chan-
nels together in steps 1 and 2 it is convenient to treat
them separately for the remaining steps 3 and 4. We
first begin with the case of the quantum-limited attenu-
ator channel for ease of presentation.
1. Quantum-limited attenuator C1(κ)
Quantum-limited channels are those for which α as-
sumes the least value for a given X as dictated by the
5complete positivity requirement (see also Appendix C).
For the quantum-limited attenuator channel (κ ≤ 1) we
have α = 1−κ2, so that ν+b = 1 and ν
−
b = (1−κ2) cosh2r+κ2,
and Eq. (4.3) reduces to tanhµ = κ tanh r. The symplec-
tic transformation of Eq. (4.2) of step 2 is given by
S[µ(r, κ)] =
1√
1 − κ2 tanh2 r
[ 112 −κ tanh r σ3−κ tanh r σ3 112 ] . (4.5)
Thus in step 3 we find σˆbcan(r, κ) is a tensor product of
the ground state in the first mode and a thermal state
with parameter ν−b in the second mode.
We decompose σˆbcan(r, κ) in the Fock basis as
σˆbcan(r, κ) = sech2rNb(r, κ) ∞∑
n=0
(x(ν−b ))2n ∣0, n⟩⟨0, n∣,
Nb(r, κ) = [1 − κ2 tanh2 r]−1,
x(ν−b ) ≡ [ν−b − 1
ν−
b
+ 1
]1/2 = [ 1 − κ2
coth2 r − κ2
]1/2 . (4.6)
Note that we have already factored out sech2r. In the
final step 4 we undo the unitary two-mode squeezing of
Eq. (4.5) to obtain
σˆb(r, κ) = U †S σˆbcan(r, κ)US = (sech2r) ρˆb(r, κ),
ρˆb(r, κ) = ∞∑
n=0
∣T bn(r, κ)⟩⟨T bn(r, κ)∣, (4.7)
where
∣T bn(r, κ)⟩ =√Nb(r, κ) (x(ν−b ))n U †S ∣0, n⟩
=
√
Nb(r, κ) (x(ν−b ))n
×
∞
∑
m=0
√(m + n
n
) tanhm µ
coshn+1 µ
∣m,m + n⟩.
(4.8)
In Eq. (4.8) we used the matrix elements of the two-
mode squeezing operator in the Fock basis (see Eq. (5.4)
of Ref. [21]). We associate Kraus operators T bn(r, κ) with
the unnormalized bipartite states ∣T bn(r, κ)⟩ by flipping
the second ket to a bra, i.e.,
T bn(r, κ) =√Nb(r, κ) (x(ν−b ))n ∞∑
m=0
√(m + n
n
)
×
tanhm µ
coshn+1µ
∣m⟩⟨m + n∣, n = 0,1,2,⋯. (4.9)
The resulting completely positive map C1(r, κ), with
Kraus operators {T bn(r, κ)}, is not yet trace-preserving
as we are still in the finite squeezing domain. This
fact is made transparent by evaluating the operator
∑n T
b
n(r, κ)†T bn(r, κ), which should be a resolution of
identity for a channel. We have
T bn(r, κ)†T bn(r, κ)
=
Nb(r, κ)
cosh2 µ
∞
∑
m=0
( x(ν−b )
coshµ
)2n (m + n
n
)
× (tanhµ)2m∣m + n⟩⟨m + n∣, (4.10)
which is diagonal in the Fock basis for all n, r. It is easy
to see that for a fixed m+n = t, the coefficient of ∣t⟩⟨t∣ in
the sum ∑∞n=0 T
b
n(r, κ)†T bn(r, κ) is given by
Nb(r, κ)
cosh2 µ
t
∑
n=0
( x(ν−b )
coshµ
)2n ( t
n
)(tanhµ)2(t−n), (4.11)
which leads to
∞
∑
n=0
T bn(r, κ)†T bn(r, κ)
=
Nb(r, κ)
cosh2 µ
∞
∑
t=0
[(x(ν−b ))2
cosh2 µ
+ tanh2 µ]t ∣t⟩⟨t∣. (4.12)
Substituting the expressions for Nb(r, κ), x(ν−b ) from
Eq. (4.6) and for tanhµ, coshµ from Eqs. (4.2) and (4.5),
we have the Fock matrix elements of the operator in Eq.
(4.12) to be
( ∞∑
n=0
T bn(r, κ)†T bn(r, κ))
jℓ
= δjℓ (tanh2 r)j . (4.13)
Remark. While this expression is not a resolution of
identity for any r, the diagonal entries assume the uni-
versal form of the spectrum of a thermal state. Indeed,
one could have anticipated this expression even without
the need for the preceding computation, since one knows
in advance that it ought to coincide with the reduced
state of the mode on which the identity channel acts in
the Choi-Jamiolkowski state in Eq. (3.3). Our computa-
tion demonstrates consistency. ∎
Now going back to T bn(r, κ) in Eq. (4.9), in the
limit r → ∞, we have x(ν−b ) → 1 and Nb(r, κ) →(1 − κ2)−1. Further, tanh[2µ(r, κ)] → tanh[2µ0(κ)] =
2κ/(1 + κ2), sech[µ(r, κ)] → sech[µ0(κ)] = √1 − κ2,
and tanh[µ(r, κ)] → tanh[µ0(κ)] = κ, where µ0(κ) ∶=
lim
r→∞
µ(r, κ). The final Kraus operators of the quantum-
limited beam splitter (attenuator) channel are thus read
off from Eq. (4.9) as
Bn(κ) = lim
r→∞
T bn(r, κ)
=
∞
∑
m=0
√(m + n
n
)κm (√1 − κ2)n ∣m⟩⟨m + n∣,
n = 0,1,2,⋯. (4.14)
Consequently, by Eq. (4.13), we recover in the r → ∞
limit the expected trace-preserving property
lim
r→∞
∞
∑
n=0
T bn(r, κ)†T bn(r, κ) = ∞∑
n=0
Bn(κ)†Bn(κ) = 11.
(4.15)
62. Quantum limited amplifier C2(κ)
We proceed in a similar way to obtain the operators
T an(r, κ) from which we recover in the limit r → ∞ the
Kraus operators for the quantum-limited amplifier chan-
nel
An(κ) = lim
r→∞
T an(r, κ)
=
∞
∑
m=0
√(m + n
n
)(1
κ
)m+1(√κ2 − 1
κ
)n∣m + n⟩⟨m∣,
n = 0,1,2,⋯. (4.16)
We provide the entire derivation in Appendix D.
B. Phase conjugation D(κ)
The phase-conjugation channel, denoted by D(κ;α), is
specified by the matrix pair (κσ3;α11) with κ > 0, α ≥ κ2+
1. The channel is quantum-limited when α = κ2 + 1 (see
Appendix E). Further, the phase conjugation channel is
always entanglement breaking irrespective of the value
of the channel parameters. Following a similar analysis
to the quantum-limited attenuator channel, one obtains
for the quantum-limited phase-conjugation channel the
Kraus operators
Cn(κ) = lim
r→∞
T cn(r, κ)
=
1√
1 + κ2
n
∑
m=0
√(n
m
) [ κ√
1 + κ2
]n−m
× [ 1√
1 + κ2
]m ∣n −m⟩⟨m∣, n = 0,1,⋯. (4.17)
We refer the reader to Appendix E for the derivation.
V. UNIQUENESS OF KRAUS
DECOMPOSITION AT THE
ENTANGLEMENT-BREAKING THRESHOLD
It is well known that entanglement breaking chan-
nels admit an operator-sum representation with rank-
one Kraus operators [20, 29]. For finite dimensional sys-
tems the operator-sum representation of entanglement-
breaking channels are composed of sets of countable
rank-one Kraus operators. The existence of a unique
non-countable rank-one operator-sum representation of
entanglement-breaking channels of infinite dimensional
systems was shown in [19] where a mathematical exam-
ple was constructed. A consequence of our divergence-
free approach is the following theorem.
Theorem 1 All single-mode bosonic Gaussian channels
at its respective entanglement breaking thresholds ad-
mit a continuous-indexed (non-countable) set of rank-one
Kraus operators that is also unique, with the exception of
the A1 class of full loss channels.
TABLE I. Summary of rank-one Kraus decompositions at
the entanglement-breaking thresholds of single-mode bosonic
Gaussian channels. φ(β; ρˆout) denotes the Glauber-Sudarshan
diagonal quasiprobability corresponding to the output state
of channel with input state ρˆin, and Q(β; ρˆin) denotes the
Husimi Q-function corresponding to the input state, with the
phase-space variable β = (βx + iβy)/
√
2. The subscript ∣⋅⟩coh
and ∣⋅⟩pos stand for the coherent and position basis respec-
tively, and EB denotes entanglement-breaking.
Channel EB Kraus φ(β; ρˆout)
Φ threshold operators
C1(κ;α) α = κ2 + 1 ∣κβ⟩⟨β∣ κ−2Q(κ−1β; ρˆin)
C2(κ;α) α = κ2 + 1 ∣κβ⟩⟨β∣ κ−2Q(κ−1β; ρˆin)
D(κ;α) α = κ2 + 1 ∣κβ∗⟩⟨β∣ κ−2Q(κ−1β∗; ρˆin)
B2(α) α = 2 ∣β⟩⟨β∣ Q(β; ρˆin)
A2(α) α = 1 ∣Reβ⟩coh⟨βx∣pos δ(βy)⟨βx∣ρˆ∣βx⟩
A1(α) α = 1 ∣0⟩⟨β∣ δ2(β)
Proof of existence. The rank-one operator-sum de-
composition of entanglement breaking Gaussian channels
at its respective thresholds was derived for the phase-
conjugation, and singular channels in [21], and for the
amplifier channel in Ref. [33]. Table I summarizes
the rank-one Kraus decomposition for entanglement-
breaking channels at its respective entanglement break-
ing thresholds. Note that the final column of the table
depicts the action of the entanglement-breaking chan-
nel at the level of the Glauber-Sudarshan diagonal rep-
resentation. It is manifestly transparent that all these
entanglement-breaking channels output states that are
classical in the quantum-optical context. Channels with
this property are known as nonclassicality-breaking chan-
nels [22–24]. We now discuss how our divergence-free
approach is used to recover these Kraus operators.
Quantum-limited phase-conjugation: The family of
Kraus operators {Cn(κ)} obtained for the quantum-
limited phase conjugation channel in Eq. (4.17) are pre-
cisely of rank n + 1. This implies that a different family
of Kraus operators exist that is rank-one. We now de-
compose the thermal state of Eq. (E6) [of Appendix E]
in step 3 in the continuous and over-complete coherent
state ‘basis’, instead of the Fock basis, to obtain
σˆccan(r, κ) = σˆ(ν+c )⊗ ∣0⟩⟨0∣
=
2
ν+c − 1
∫ d
2β
π
exp [− 2∣β∣2
ν+c − 1
] ∣β⟩⟨β∣ ⊗ ∣0⟩⟨0∣, (5.1)
where ν+c = cosh2r (κ2 + 1) + κ2.
The state ∣β⟩ ⊗ ∣0⟩ is mapped to ∣ cos θ(r, κ)β⟩ ⊗ ∣ −
sin θ(r, κ)β⟩ by the symplectic diagonalization unitary
U
†
S[θ(r, κ)] in step 3, which corresponds to a two-mode
beam splitter with parameter θ(r, κ). The symplec-
tic transformation corresponding to this beamsplitter is
provided in Eq. (E2) of Appendix E, where cosθ =
7κ[κ2 + tanh2r]−1/2. So we obtain
σˆc(r, κ) = sech2r ∫ d2β
π
∣T cβ(r, κ)⟩⟨T cβ(r, κ)∣, where
∣T cβ(r, κ)⟩ = 1√
1 + κ2 − sech2r
exp [− ∣β∣2(ν+c (r, k) − 1)]
× ∣β cosθ(r, k)⟩⊗ ∣ − β sin θ(r, k)⟩. (5.2)
In the limit r → ∞ we obtain, by flipping the second
ket of ∣T cβ(r, κ)⟩ to a bra, the channel’s rank-one Kraus
operators
T cβ(κ) = 1√(1 + κ2) ∣(κ/√1 + κ2)β⟩⟨(1/√1 + κ2)β∗∣.
(5.3)
For simplicity, we perform a change of variables
β/√1 + κ2 to β∗, and we obtain
T cβ(κ) = ∣κβ∗⟩⟨β∣, (5.4)
where the trace preserving condition reads
∫ d
2β
π
T
c †
β
(κ)T cβ(κ) = 11, (5.5)
and the Kraus decomposition is written as
Φ(ρˆ) = ∫ d2β
π
T cβ(κ) ρˆ T c †β (κ). (5.6)
So a quantum-limited phase-conjugation channel is
strictly equivalent to a scheme where the input to the
channel is measured in the coherent state basis, and for
outcome β the coherent state ∣κβ∗⟩ is prepared.
Beam splitter and amplifier channels : As seen be-
fore, the beam splitter and amplifier channels are entan-
glement breaking for α ≥ κ2 + 1. It is easy to see, by
comparing the variance matrices in Eqs. (4.1) and (E1)
that σˆb/a(r, κ,α) of an attenuator or amplification chan-
nel with α ≥ κ2 + 1 is the partial transpose of σˆc(r, κ,α)
which corresponds to a phase-conjugation channel with
the same channel parameters κ,α. Therefore, to obtain
the Kraus representation of an attenuator or amplifi-
cation channel at the entanglement breaking threshold,
we simply apply a partial transpose to the expression
in Eq. (5.2), leading to a rank-one Kraus representation
given by
T
b/a
β
(κ; 1 + κ2) = ∣κβ⟩⟨β∣. (5.7)
Here T
b/a
β
(κ;α) corresponds to the Kraus operators of a
noisy amplifier or beam splitter channel. Note that the
r →∞ limit has already been applied and the transposi-
tion was performed in the Fock basis. So an amplifier or
attenuator channel at the entanglement breaking thresh-
old is strictly equivalent to a scheme where the input to
the channel is measured in the coherent state basis, and
for outcome β we prepare ∣κβ⟩.
A1(α), A2(α), B1(α), and B2(α) channels : We recall
that the transmission and noise matrix pair (X,Y ) are(0, α11) for A1(α), ((11+σ3)/2, α11) for A2(α), (11, α(11+
σ3)/2) for B1(α), and (11, α11) for B2(α). Further, the
classical noise channel B2(α) and the class A1(α) are
limiting cases of the noisy beam splitter channel corre-
sponding to κ → 1 (also κ → 1 of the noisy amplifier)
and κ → 0 (also κ → 0 of the noisy phase conjugator),
respectively.B2(α) is entanglement breaking for α ≥ 2 (from Eq.
(4.1)). Therefore, its respective rank-one decomposition
in the coherent state basis can be derived from the previ-
ous result of the amplifier and attenuator channels taking
the corresponding limit and we obtain its Kraus opera-
tors {Tβ = ∣β⟩⟨β∣}. The channel A1(α) is entanglement
breaking for all κ ≥ 1. So, taking the limit κ → 0 in
Eq. (5.7) we get a set of Kraus operators for the channelA1(1) as {T 0β = ∣0⟩⟨β∣}. We consider the case of singular
channels A2 in Appendix G (and also the class B1(α)),
thereby completing the demonstration of proof of exis-
tence of our method for all single-mode Gaussian chan-
nels. Note that the class B1(α) are never entanglement-
breaking. ◻
We introduce the following lemma that is central to
the uniqueness proof.
Lemma 1 ([34]) A pure state ∣ψ⟩, when coupled to the
ground state ∣0⟩ of an auxiliary mode and passed through
a beam splitter (except full reflectivity), is mapped to a
product state if and only if ∣ψ⟩ is a coherent state.
Proof of Uniqueness. Phase-conjugation channels :
The rank-one Kraus operators in Eq. (5.3) of the phase
conjugation channel were obtained as a result of sending
the thermal state coupled to the ground state through the
beam splitter U †S[θ]. Any rank-one decomposition of the
phase-conjugation channel should have a corresponding
separable state
σˆc(r, κ) = ⨋ pi∣ψi⟩⟨ψi∣⊗ ∣φi⟩⟨φi∣ (5.8)
that is mapped into σˆccan(r, κ) = σˆth(ν+c )⊗ ∣0⟩⟨0∣ after ap-
plying the unitary US[θ]. Therefore, for any decomposi-
tion in Eq. (5.8) there must be a corresponding decom-
position of σˆth(ν+c ). Then, by Lemma 1 it is clear that
had we resolved the thermal mode of σˆccan(r, κ) in any ba-
sis other than the coherent state basis, we would end up
with a decomposition of σˆc(r, κ) where the constituent
states would not be of the product form, even though the
state itself is separable, which proves the uniqueness of
the coherent state decomposition.
Remaining channels : We have already seen that the
Jamiolkowski states of the beam splitter and amplifier
channels, at its respective entanglement breaking thresh-
olds, are in one-to-one correspondence to the separable
states σˆc(r, κ) via the partial transposition operation,
i.e.,
σˆb/a(r, κ) = σˆc(r, κ)PT = ⨋ pi∣ψi⟩⟨ψi∣⊗ ∣φi⟩⟨φi∣T . (5.9)
8Since transposition maps coherent states ∣α⟩ to coherent
states ∣α∗⟩, and as explained before, any decomposition
in Eq. (5.9) is in one-to-one correspondence to a decom-
position of σˆth(ν+c ) ⊗ ∣0⟩⟨0∣. Lemma 1 implies again the
uniqueness of the coherent state rank-one decomposition.
Similar arguments also hold true for the singular channelA2(α) dealt in Appendix G.
Pathological case: There is however one exception inA1(1). In this case, in step 3 of the procedure, σˆb/a(r,1)
itself is a product of the ground state and a thermal state.
Thus every pure state decomposition {∣ψi⟩⟨ψi∣} of this
thermal state results in a rank-one set of Kraus oper-
ators ∣0⟩⟨ψi∣, which leads to a pathological case where
any countable or non-countable basis of the input Hilbert
space will lead to a valid rank-one operator-sum decom-
position of the channel. ∎
Finally, we remark that a similar procedure can be
followed to obtain the rank-one Kraus decomposition for
entanglement breaking channels above its threshold noise
value. It turns out that the measurement-preparation de-
scription of these channels is a coherent state measure-
ment followed by a preparation of a suitable (displaced)
thermal state.
VI. CONCLUSIONS
Our main contribution is a divergence-free approach
for obtaining Kraus decompositions of continuous-
variable channels that was motivated by the Choi-
Jamiolkowski isomorphism. The method makes effec-
tive use of phase space techniques and two-mode finitely
squeezed vacuum states, thereby avoiding technical diffi-
culties or divergences naturally occurring in continuous-
variable systems, mainly due to the non-existence of a
maximally entangled state. Our method begins with the
application of the channel to one subsystem of a two-
mode squeezed state. The pure state decompositions of
the resulting state gave us the corresponding Kraus op-
erators of the channel in the limit of arbitrarily large
squeezing. We obtained the Kraus operators of all single-
mode bosonic Gaussian channels in either the Fock or
coherent state basis depending on context. Also a nov-
elty of the method was that it treated both quantum-
limited and noisy Gaussian channels on an equal footing.
This gave rise to new Kraus operators for noisy channels
which previously required composition of Kraus opera-
tors of suitable quantum-limited channels.
For entanglement breaking bosonic Gaussian channels
we obtained a set of rank-one Kraus operators using
the overcomplete basis of coherent states. Additionally,
we demonstrated that at the corresponding entangle-
ment breaking thresholds, these rank-one operators are
continuous-indexed and unique, thereby providing a nat-
ural instance of a channel with no countable rank-one
Kraus decomposition.
The method could have practical applications to simu-
lation of channels and its experimental implications [35–
37]. Our method in principle is universal and hence could
also prove useful in the study of non-Gaussian quantum
channels of continuous-variable systems [38–41].
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Appendix A: Unitary dilation and Kraus
decompositions
Any channel Φ on system A can be realized through a
unitary (Stinespring) interaction between the system A
and an environment E [1], i.e.,
Φ(ρˆA) = TrE[UAE (ρˆA ⊗ ∣ψ⟩E⟨ψ∣)U†AE], (A1)∣ψE⟩ ∈ HE being a fixed pure state. It is clear that the
channel is fully specified by the joint unitary UAE and a
fixed fiducial state ∣ψ⟩E .
We can use either the complete positivity requirement
of Eq. (2.1) or the unitary dilation in Eq. (A1) to obtain
the operator-sum representation of a channel. In the lat-
ter situation, the operator-sum is developed by perform-
ing the partial trace on the environment in a suitably
chosen basis {∣ek⟩E}, after the joint unitary evolution
UAE, to obtain
Φ(ρˆA) =∑
k
[E⟨ek ∣UAE ∣ψ⟩E] ρˆA [E⟨ψ∣U †AE ∣ek⟩E], (A2)
so that Ak = E⟨ek ∣UAE ∣ψ⟩E are the Kraus operators act-
ing on HA. In fact, this was the procedure deployed
in [21] to derive a set of Kraus operators for all single-
mode bosonic Gaussian channels.
Appendix B: Coherent realization of Kraus
operators
The coherent representation is a way to obtain Kraus
operators where all the involved mixed states are purified
and the channels are dilated to its corresponding unitary
as depicted in Fig. 2. As mentioned in Sec. II, it follows
by Eq. (2.6), which we repeat for convenience, that
ρˆAR = [Φ⊗ 11R](ΓˆAR) =∑
k
∣Ak⟩⟨Ak ∣. (B1)
So the well known characterization of all pure state de-
compositions or ensemble realizations of a specific mixed
state [43] also gives the complete enumeration of all pos-
sible operator-sum representations of a given channel.
It is useful to recall that any pure state decomposi-
tion of a given mixed state can be realized by applying
a rank-one POVM measurement on the ancillary system
9FIG. 2. Coherent realization of Kraus operators.The channel
Φ is applied subsystem A of a bipartite maximally entangled
state ∣ψARmax⟩, and the channel is represented by its Stinespring
dilation UΦ with a suitable pure environment state E. To ob-
tain a pure state decomposition of σˆAR = 1
d
ρˆAR, we apply a
suitable rank-one POVM on the environment modes E fol-
lowing the action by the channel unitary UΦ, the purifica-
tion modes of σˆAR. Conditioned on a measurement outcome
k, the remaining AR modes are projected into pure states
∣ψARk ⟩. The Kraus operators are finally obtained by applying
the Choi-Jamiolkowski isomorphism to the collection of pure
states {∣ψARk ⟩}.
of its purification [42, 43]. For the coherent realization
of Kraus operators, an operator-sum representation of a
given channel Φ can be obtained from the purification of
σˆAR using the Stinespring dilation of the channel. Every
rank-one POVM over the output environment ancillary
systemE ( the purification of σˆAR ) first gives a pure state
decomposition of σˆAR, then using the Choi-Jamiolkowski
isomorphism, we can obtain an operator-sum representa-
tion for the channel [44, 45].
Appendix C: Gaussian states and Gaussian channels
We now present some background material for Gaus-
sian states and channels that is used in this paper. Any
N -mode Gaussian pure state ∣ψ⟩ can be obtained by ap-
plying a Gaussian unitary U to the vacuum state ∣0⟩⊗N ,
i.e., ∣ψ⟩ = U ∣0⟩⊗N , where U is the exponential of a Hamil-
tonian quadratic in the creation and annihilation oper-
ators of the N modes [46, 47]. Similarly, every Gaus-
sian mixed state results from applying such a Gaussian
unitary U to a tensor product of N modes in thermal
states, with potentially different average number of pho-
tons (or temperatures) [30, 32]. The characteristic func-
tion χ(ξ; ρˆ) of a Gaussian state ρˆ is a Gaussian function
χ(ξ; ρˆ) = exp (−ξ TV ξ/2 − idTΩξ ) , (C1)
specified completely by the mean d and variance matrix
V . Here ξ represents a point in the N-mode phase space
viewed as a column vector ξ = (q1, p1, q2, p2,⋯, qn, pn)T .
The positivity of the Gaussian state ρˆ is equivalent to the
uncertainty relation [30, 32, 46, 47]
V + iΩ ≥ 0, Ω =
N
⊕
i=1
( 0 1
−1 0
) , (C2)
which is the multimode generalization of the Schro¨dinger-
Robertson uncertainty principle in the single mode case.
A Gaussian unitary transformation U results in a ho-
mogeneous linear phase space transformation ξ → ST ξ
and a phase space displacement ξ → ξ + d. Here
the symplectic matrix S (satisfying SΩST = Ω) takes
χ(ξ; ρˆ) → χ(ST ξ; ρˆ), so that the variance matrix V
transforms as V → SV ST and the displacement d →
STd [30, 32, 46, 47].
Gaussian channels are quantum processes that map
input Gaussian states to Gaussian states at the out-
put. Gaussian channels are characterized by a pair of
real matrices, a transmission matrix X and a symmet-
ric noise matrix Y ≥ 0. To guarantee that a given pair(X,Y ) represents a completely positive trace preserving
map, it has to satisfy the necessary and sufficient condi-
tion [17, 48, 49]
Y + iΩ − iXTΩX ≥ 0. (C3)
The action of the Gaussian channel Φ(X,Y ) is conve-
niently described at the level of the characteristic func-
tion as
χ(ξ;Φ[ρˆ]) = χ(X ξ; ρˆ) exp(−1
2
ξ T Y ξ) .
(C4)
It follows that the variance matrix of a state under the
action of a Gaussian channel Φ(X,Y ) is governed by the
simple relation
V ′ =XT V X + Y. (C5)
Further, a Gaussian channel is said to be entanglement
breaking [20] if its corresponding noise matrix Y can be
decomposed into noise matrices Y = Y1 + Y2 such that
Y1 ≥ iΩ, Y2 ≥ iXTΩX. (C6)
In the simplest case of single-mode Gaussian channels
the matrices (X,Y ) are 2×2, and the complete-positivity
condition can be simplified to the scalar condition
detY ≥ (detX − 1)2 . (C7)
The canonical channels were completely characterized
in Refs. [26, 27]. The channels with non-singular X , are
more important and can be divided into two different
classes based on the signature of detX . First, the attenu-
ator/amplification channels with X0 = κ11 (κ > 0), where
κ2 is the loss or gain of the channel and noise Y0 = α11
with α ≥ ∣κ2−1∣ (resulting from Eq. (C7)); the attenuator
channel is denoted by C1(κ, α) with κ ≤ 1, and the am-
plification channel by C2(κ, α) with κ ≥ 1. The second
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class comprises the phase conjugation channel denotedD(κ, α), with X0 = κσ3 and noise Y0 = α11. Here κ > 0
with α ≥ κ2 +1, and σ3 is the Pauli matrix. The classical
noise channel B2(α) is obtained as the limit κ → 1 as
in C1(1, α) = C2(1, α) of either the noisy attenuator or
noisy amplifier channel. To complete the presentation of
the one-mode canonical channels we mention the singular
channel A2(α) for which X0 = (11 + σ3)/2 and Y0 = α11
with α ≥ 1, the single quadrature classical noise channelB1(α) for which X0 = 11, and Y0 = α(11+σ3)/2 with α ≥ 0,
and the full loss channel A1(α) with (X0, Y0) = (0, α11),
and α ≥ 1.
A single-mode Gaussian channel is said to be quantum-
limited if the Gaussian noise α is no larger than the
minimum required to saturate the completely positivity
condition in Eq. (C7). That any non quantum-limited
Gaussian channel can be obtained as concatenation of
a pair of quantum-limited Gaussian channels is proved
in [21, 50]. Finally, all quantum-limited Gaussian chan-
nels are extremal and these are the only extremal Gaus-
sian channels [21, 51].
Appendix D: Quantum-limited Amplifier C2(κ)
We treat the quantum-limited amplifier C2(κ) in an
analogous manner to the quantum-limited attenuator
channel, so that the requirement of Eq. (4.3) reduces to
tanhµ = κ−1 tanh r. The symplectic transformation in
Eq. (4.2) of step 2 is given by
S[µ(r, κ)] = 1√
κ2 − tanh2 r
[ κ112 − tanh r σ3
− tanh r σ3 κ112
] .
(D1)
In the third step we find the symplectic eigenvalues ν+a =(κ2−1) cosh2r+κ2 and ν−a = 1. So σˆacan(r, κ) is a product
of a thermal state in mode 1 and the ground state in
mode 2. Written in the Fock basis we have
σˆacan(r, κ) = sech2rNa(r, κ) ∞∑
n=0
(x(ν+a ))2n∣n,0⟩⟨n,0∣,
(D2)
with
Na(r, κ) = [κ2 − tanh2 r]−1,
x(ν+a ) = [ν+a − 1
ν+a + 1
]1/2 = [ κ2 − 1
κ2 − tanh2 r
]1/2 . (D3)
In step 4, we undo the unitary two-mode squeezing trans-
formation of Eq. (D1) on σˆacan(r, κ) to obtain
σˆa(r, κ) = U †S σˆacan(r, κ)US = sech2r ρˆa(r, κ),
ρˆa(r, κ) = ∞∑
n=0
∣T an(r, κ)⟩⟨T an(r, κ)∣, (D4)
where∣T an(r, κ)⟩ = (x(ν+a))n√Na(r, κ)U †S ∣n,0⟩
= (x(ν+a))n√Na(r, κ)
×
∞
∑
m=0
√(m + n
n
) tanhm µ
coshn+1 µ
∣m + n,m⟩. (D5)
The Kraus operators are
T an(r, κ) =√Na(r, κ) (x(ν+a ))n
×
∞
∑
m=0
√(m + n
n
) tanhm µ
coshn+1µ
∣m + n⟩⟨m∣. (D6)
As with C1(κ), the Kraus operators {T an(r, κ)} rep-
resent a completely positive map C2(r, κ) which is
not trace-preserving. Substituting the expressions for
Na(r, κ), x(ν+a ) from Eq. (D3) and for tanhµ, coshµ from
Eq. (D1), we obtain
( ∞∑
n=0
T an(r, κ)†T an(r, κ))
jℓ
= δjℓ (tanh2 r)j . (D7)
Returning to Eq. (D6), in the limit r → ∞
we have x(ν+a ) → 1, Na(r, κ) → (κ2 − 1)−1,
tanh[2µ(r, κ)] → tanh[2µ0(κ)] = 2κ/(1 + κ2),
sech[µ(r, κ)] → sech[µ0(κ)] = √κ2 − 1/κ, and
tanh[µ(r, κ)] → tanh[µ0(κ)] = κ−1. Substituting
these limits, we have the final expression for the Kraus
operators of the quantum-limited amplifier channel to
be
An(κ) = lim
r→∞T
a
n(r, κ)
=
∞
∑
m=0
√(m + n
n
)( 1
κ
)m+1(√κ2 − 1
κ
)n∣m + n⟩⟨m∣,
n = 0,1,2,⋯. (D8)
These Kraus operators are seen to restore the expected
trace-preserving property
lim
r→∞
∞
∑
n=0
T an(r, κ)†T an(r, κ) = ∞∑
n=0
An(κ)†An(κ) = 11. (D9)
Appendix E: Phase conjugation channel
In addition to the attenuator and amplifier channels
presented earlier there exists a third class of channels
characterized by nonsingular X , with detX < 0; these
are the phase conjugation channels D(κ,α) specified (in
its canonical form) by (X,Y ) = (κσ3, α11), α ≥ κ2 + 1.
Clearly, the variance matrix of the output bipartite state
resulting from the one-sided action of the channel on the
canonical two-mode squeezed vacuum state ∣Ψr⟩ in step
1 of our procedure is
V c(r, κ,α) = ((κ2 cosh2r + α)112 κ sinh2r 112
κ sinh 2r 112 cosh2r 112
) . (E1)
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Here the superscript ‘c’ is meant to remind us that we
are working with the phase conjugation channel. It is
clear that (κσ3, α11) represents a channel only if both
the symplectic eigenvalues ν+c , ν
−
c ≥ 1 for all r, but
this is readily seen to hold if and only if α ≥ κ2 + 1,
independent of r. Since the determinant of the off-
diagonal block of V c(r, κ,α) is always positive, we know
by the little lemma of Ref. [31] that the output Gaus-
sian state is always separable, irrespective of the value
of r. Equivalently, the requirement that the partial
transpose V c(r, κ,α)PT satisfies the uncertainty princi-
ple, is weaker than that of the uncertainty principle on
V c(r, κ,α). Therefore, every phase conjugation chan-
nel is automatically entanglement breaking irrespective
of the values of the channel parameters.
Additionally, since V c(r, κ,α) has all 2 × 2 blocks pro-
portional to identity, it can be diagonalized by the beam
splitter symplectic transformation (equal rotations in the
q1 − q2 and p1 − p2 planes)
S(θ(r, κ,α)) = ( cos θ 112 − sin θ 112
sin θ 112 cos θ 112
) , (E2)
where
tan [2 θ(r, κ,α)] = 2κ sinh2r
cosh2r − κ2 cosh2r − α
. (E3)
Thus, the (doubly degenerate) symplectic eigenvalues of
V c(r, κ,α) are
ν±c =
1
2
[wc ± zc] ,
zc = [(α + (κ2 − 1) cosh2r)2 + 4κ2 sinh2 2r]1/2,
wc = α + cosh2rκ2 + cosh2r. (E4)
1. Quantum-limited phase conjugation channel
D(κ)
For the quantum-limited phase conjugation channel
(α = κ2 + 1) we obtain at the end of step 2, i.e., after the
symplectic diagonalization, one mode in vacuum (ν−c = 1)
with the other mode in a thermal state corresponding
to the symplectic eigenvalue ν+c = cosh2r(κ2 + 1) + κ2,
and Eq. (E3) reduces to tan θ = −tanh r/κ. The symplec-
tic transformation of Eq. (E2) of step 2 that leads to the
diagonalization of V c(κ, r) is
S[θ(r, κ)] = 1√
κ2 + tanh2 r
( κ112 tanh r 112
− tanh r 112 κ112
) .
(E5)
In step 3, σˆccan(r, κ) is decomposed in the Fock basis as
σˆccan(r, κ) = sech2rNc(r, κ) ∞∑
n=0
(x(ν+c ))2n∣n,0⟩⟨n,0∣,
(E6)
where the scalar factor
Nc(r, κ) = [1 + κ2]−1 (E7)
is independent of r, and
x(ν+c ) = [ν+c − 1
ν+c + 1
]1/2 = [κ2 + tanh2 r
κ2 + 1
]1/2 . (E8)
In step 4, we undo the (beam-splitter) unitary transfor-
mation on σˆccan(r, κ) to obtain
σˆc(r, κ) = sech2r ρˆc(r, κ),
ρˆc(r, κ) = ∞∑
n=0
∣T cn(r, κ)⟩⟨T cn(r, κ)∣, (E9)
where∣T cn(r, κ)⟩ =√Nc(r, κ)(x(ν+c ))nU †S ∣n,0⟩
=
√
Nc(r, κ)(x(ν+c ))n
×
n
∑
m=0
√(n
m
) (− sin θ)m (cosθ)n−m ∣n −m,m⟩.
(E10)
We read off the Kraus operators T cn(r, κ) from the bipar-
tite vectors ∣T cn(r, κ)⟩ as
T cn(r, κ) =√Nc(r, κ) (x(ν+c ))n
×
n
∑
m=0
√(n
m
) (− sin θ)m (cosθ)n−m ∣n −m⟩⟨m∣. (E11)
The map D(r, κ) resulting from the Kraus operators{T cn(r, κ)} is not trace-preserving for finite r. Indeed by
Eqs. (E5), (E7) and (E8), we find that
( ∞∑
n=0
T cn(r, κ)†T cn(r, κ))
jℓ
= δjℓ (tanh2 r)j . (E12)
Going back to Eq. (E11), in the limit r → ∞
we have x(ν+c ) → 1, sin[θ(r, κ)] → sin[θ0(κ)] =
−1/√1 + κ2, cos[θ(r, κ)] → cos[θ0(κ)] = κ/√1 + κ2, and
tan[θ(r, κ)] → tan [θ0(κ)] = −κ−1, where lim
r→∞
θ(r, κ) =
θ0(κ). Substituting these limits in Eq. (E11), the Kraus
operators of the quantum-limited phase conjugation
channel are
Cn(κ) = lim
r→∞
T cn(r, κ)
=
1√
1 + κ2
n
∑
m=0
√(n
m
) [ κ√
1 + κ2
]n−m
× [ 1√
1 + κ2
]m ∣n −m⟩⟨m∣, n = 0,1,⋯,
(E13)
and restore the ‘resolution of identity’
lim
r→∞
∞
∑
n=0
T cn(r, κ)†T cn(r, κ) = ∞∑
n=0
Cn(κ)†Cn(κ) = 11. (E14)
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Appendix F: Noisy Gaussian channels
In this section we derive an operator-sum represen-
tation for noisy attenuator, amplifier, and phase conju-
gation channels. A channel is said to be noisy when its
associated noise matrix Y is ‘larger’ than the correspond-
ing value for the quantum-limited case. We compare the
Kraus operators with another set obtained from the con-
catenation of the quantum-limited channels detailed in
Ref. [21].
1. Noisy attenuator and amplifier channels
In the noisy cases of both the attenuator and amplifier
channels, we no longer have in step 2 of our procedure
outlined in Sec. III the luxury of one of the symplectic
eigenvalues evaluating to unity corresponding to the vac-
uum state. So, σˆ
b/a
can(r) in step 2 now becomes a product
of two thermal states. In step 3, σˆ
b/a
can(r) is expanded in
the Fock basis as a double sum rather than a single-index
sum. Undoing the unitary US in step 4, we obtain σˆ(r)
to be a double indexed convex sum of rank-one bipartite
projections. As a consequence, each Kraus operator is
now labeled by a pair of indices as opposed to a single
index in the quantum-limited situation.
The symplectic eigenvalues of V
b/a
can (r, κ,α) for noisyC1(κ,α) and C2(κ,α) are given in Eq. (4.4) that now de-
pend on the noise parameter α. During step 3, the prod-
uct of thermal states corresponding to V
b/a
can (r, κ,α) is
decomposed in the Fock basis as
σˆjcan(r, κ,α) = sech2rNj(r, κ,α) ∞∑
n1,n2=0
(x(ν+j ))2n1
× (x(ν−j ))2n2 ∣n1, n2⟩⟨n1, n2∣,
Nj(r, κ,α) = cosh2 r (1 − (x(ν+j ))2)(1 − (x(ν−j ))2) ,
(F1)
where the index j stands for either a or b according to
an amplifier or beam splitter channel. In step 4, we undo
the two-mode squeeze transformation to obtain
σˆ(r, κ,α) = US[µ]† σˆcan(r, κ,α)US[µ]
= sech2r
∞
∑
n1,n2=0
∣T jn1,n2(r, κ,α)⟩⟨T jn1,n2(r, κ,α)∣, (F2)
where
∣T jn1,n2(r, κ,α)⟩ =√Nj(r, κ,α) (x(ν+j ))n1(x(ν−j ))n2
× U †
S
[µ]∣n1, n2⟩.
(F3)
Using the Fock basis matrix elements⟨m1,m2∣US[µ]†∣n1, n2⟩ of the two-mode squeeze op-
erator US[µ]† (see Eq. (5.4) of [21]) we have the pure
states to be
∣T jn1,n2(r, κ,α)⟩ = ∞∑
m1=max {0,n1−n2}
γj[µ] ∣m1, n2 +m1 − n1⟩,
γj[µ] =√Nj(r, κ,α) (x(ν+j ))n1 (x(ν−j ))n2 hj[µ],
hj[µ] = min{n1,n2}∑
r=max{0,n1−m1}
[n1!(n2 +m1 − n1)!
n2!m1!
]1/2 (n2
r
)
× ( m1
n1 − r
) (−1)r (sechµ)n1+n2−2r+1 (tanhµ)2r+m1−n1 .
(F4)
We now associate the Kraus operators T jn1,n2 with unnor-
malized bipartite states ∣T jn1,n2⟩ by flipping the second
ket to a bra :
T jn1,n2(r, κ,α) = ∞∑
m1=max{0,n1−n2}
γj[µ] ∣m1⟩⟨n2 +m1 − n1∣.
(F5)
Now consider the noisy attenuator channel (κ < 1 and
α > 1−κ2) and the index j = b. In the limit r →∞ we see
that ν−b →∞ ⇒ x(ν−b ) → 1, while ν+b → α(1 − κ2)−1, and
coshµ, sinhµ have the same limits as in the quantum-
limited case. So we obtain from Eq. (F4)
γb[µ0] = [ 2
α + 1 − κ2
]1/2 [ α + κ2 − 1
α + 1 − κ2
]n1/2 hb[µ0].
(F6)
The final Kraus operators of the noisy attenuator channel
are read off from Eqs. (F5) and (F6) as
Bn1,n2(κ,α) = ∞∑
m1=max{0,n1−n2}
γb[µ0] ∣m1⟩⟨n2 +m1 − n1∣.
(F7)
For the noisy amplifier channel κ > 1 and α > κ2 − 1
and j = a. In the limit r → ∞ we see that ν+a → ∞ ⇒
x(ν+a ) → 1, while ν−a → α(κ2 − 1)−1, and coshµ, sinhµ
have the same limits as in the quantum-limited case. So
we then obtain
γa[µ0] = ( 2
α + κ2 − 1
)1/2 (α − κ2 + 1
α + κ2 − 1
)n2/2 ha[µ0].
(F8)
Again, the final Kraus operators of the noisy amplifier
channel are read off from Eqs. (F5) and (F8) as
An1,n2(κ,α) = ∞∑
m1=max{0,n1−n2}
γa[µ0] ∣m1⟩⟨n2 +m1 − n1∣.
(F9)
Remark. It is well-known that the operator-sum repre-
sentation of a channel is not unique, and two different sets
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of Kraus operators can represent one and the same chan-
nel. In the case of a noisy C1(κ,α) or C2(κ,α), one can
obtain an alternative set of Kraus operators using the fact
that the noisy channel can be realized [21, 26, 50] as prod-
uct C2(κ2)○C1(κ1) of a quantum-limited attenuator with
transmissivity T = κ21 followed by a quantum-limited am-
plifier with gain G = κ22. The resulting channel is a noisyC1(κ,α) or C2(κ,α), depending on whether the product
κ1κ2 is < 1 or > 1, with κ = κ1κ2 and α = κ22(1−κ21)+κ22−1
in both cases.
Now consider the product C2(κ2) ○ C1(κ1). By choos-
ing the special value κ1κ2 = 1 one obtains B2(α) with
α = 2(κ22 − 1), which is the classical noise channel. The
double-index discrete sum Kraus representation resulting
from C2(κ2)○C1(κ1) is an alternative to the more familiar
continuous sum Kraus representation in terms of phase
space displacement operators D(β) = exp[βa†−β∗a] [52].
It is clear that one obtains, in general, a set of double-
indexed Kraus operators for the noisy channel C1(κ,α) orC2(κ,α) as simply products of the two sets of the single-
indexed Kraus operators {Bi(κ1)}i and {Aj(κ2)}j , i.e.,
Ti,j(κ,α) = Bi(κ2)Aj(κ1), where i, j are indices to label
the Kraus operators obtained using an entirely different
point of view [21]. ∎
2. Noisy phase conjugation channel D(κ,α)
The method for obtaining Kraus operators for noisy
phase conjugation channels is similar to that of the
noisy attenuator and amplifier channels. As in the ear-
lier two cases, during step 3 the product thermal state
σˆccan(r, κ,α) corresponding to Vcan(r, κ,α) is decomposed
in the Fock basis as in Eq. (F1) with the symplectic eigen-
values given as in Eq. (E4).
In step 4 we undo the beam splitter unitary to obtain
σˆc(r, κ,α) = US[θ]† σˆcan(r, κ,α)US[θ]
= sech2r
∞
∑
n1,n2=0
∣T cn1,n2(r, κ,α)⟩⟨T cn1,n2(r, κ,α)∣, (F10)
where
∣T cn1,n2(r, κ,α)⟩
=
√
Nc(r, κ,α) (x(ν+c ))n1 (x(ν−c ))n2 US[θ]†∣n1, n2⟩,
Nc(r, κ,α) = cosh2 r (1 − (x(ν+c ))2) (1 − (x(ν−c ))2) .
(F11)
Using the Fock basis matrix elements⟨m1,m2∣US[θ]†∣n1, n2⟩ of the beam splitter unitary
U
†
S[θ] (see Eq. (4.4) of [21]) we obtain
∣T cn1,n2(r, κ,α)⟩ = n1+n2∑
m2=0
γc[θ] ∣n1 + n2 −m2,m2⟩,
γc[θ] =√Nc(r, κ,α) (x(νc+))n1 (x(ν−c ))n2 hc[θ], (F12)
hc[θ] = min(n1,m2)∑
r=max (0,m2−n2)
[(n1 + n2 −m2)!m2!
n1!n2!
]1/2 (n1
r
)( n2
m2 − r
) (−1)n2−m2+r (sin θ)2r+n2−m2 (cos θ)n1+m2−2r. (F13)
We now associate the Kraus operators T cn1,n2 with the un-
normalized bipartite states ∣T jn1,n2⟩ by flipping the second
ket to a bra, i.e.,
T cn1,n2(r, κ,α) = n1+n2∑
m2=0
γc[θ] ∣n1 + n2 −m2⟩⟨m2∣. (F14)
For the noisy phase conjugation channels α > κ2 + 1. In
limit r → ∞ we see that ν+c → ∞ ⇒ x(ν+c ) → 1, while
ν−c → α(κ2 + 1)−1, and cosθ, sin θ have the same limits
as in the quantum-limited case. So putting these facts
together we have
γc[θ0] = ( 2
α + κ2 + 1
)1/2 (α − κ2 − 1
α + κ2 + 1
)n2/2 hc[θ0]. (F15)
So the final Kraus operators of the noisy amplifier chan-
nel are read off from Eqs. (F5) and (F8) as
Cn1,n2(κ,α) = n∑
m1=0
γc[θ0] ∣n1 + n2 −m2⟩⟨m2∣. (F16)
Remark. As an alternative to the result presented here,
one can build a different set of Kraus operators for noisy
phase conjugation channels using the decomposition of
a noisy phase conjugation channel of parameters (κ,α)
into a quantum-limited attenuator (or amplifier) channel
of transmissivity T = κ21 (or gain G = κ
2
2) followed by
a quantum-limited phase conjugation channel of param-
eter κ
′
and Kraus operators {Cn(κ ′)}. If these chan-
nel parameters κ1 (or κ2) and κ
′
are arranged to satisfy
κ = κ1κ
′
(or κ = κ2κ
′
) and α = (κ ′)2(2 − κ21) + 1 (or
α = (κ ′)2κ22+1), we indeed realizeD(κ,α) with Kraus op-
erators given by the products Tn,j(κ,α) = Cn(κ ′)Bj(κ1)
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FIG. 3. Coherent representation of Kraus operators of
noisy attenuator and amplifier channels obtained through the
concatenation of suitably chosen quantum-limited attenua-
tors and amplifiers. Using the Stinespring dilation of the
quantum-limited attenuator and amplifier, one obtained a
purification of the state σˆBR corresponding to the one-sided
action of the noisy channel action on a two-mode squeezed
state ∣Ψr⟩, and E1 and E2 are the purification modes of σˆBR.
We then measure the auxiliary modes of the quantum-limited
channels in the Fock basis individually. Conditioned on the
outcome measurement y and x of the environment modes E1
and E2, and in the limit of arbitrary large squeezing, one ob-
tains Tz as a product of Kraus operators Ty and Tx. Here
TMS stands for the two-mode squeeze operator.
[or Cn(κ ′)Aj(κ1)]. In this way one recovers the Kraus
operators presented in [21]. ∎
3. Connecting operator-sum representations
We have presented a technique for developing Kraus
operators of single-mode Gaussian channels, both in
the Fock and coherent state basis, exploiting the Choi-
Jamiolkowski isomorphism between completely positive
maps and bipartite quantum states. We used the fact
that every decomposition of the Jamiolkowski state into
pure states gives a family of Kraus operators representing
the channel. As mentioned in Appendix B, it is a well
known fact that any ensemble decomposition of a given
mixed state ρˆ is realized by applying the appropriate
rank-one POVM measurement on the ancillary system
of its purification [42, 43]. Therefore, any Kraus decom-
position of a given channel can be obtained by purifying
the corresponding Choi-Jamiolkowski state and applying
the right rank-one POVM to the purification or environ-
ment modes E, as show in Fig. 2. We will now use this
property to connect the operator-sum representations ob-
tained in [21] with the ones developed in this manuscript
for noisy bosonic Gaussian channels.
As shown in Fig. 2, using the Stinespring representa-
tion, the Kraus operators of the quantum-limited chan-
nels are obtained by measuring its respective environ-
ment modes in the appropriate basis (Fock states or co-
FIG. 4. Coherent representation of Kraus operators obtained
through our method outlined in Sec. III. One mode of an
initial two-mode squeezed state ∣ψr⟩ is sent through the noisy
attenuator or amplifier channel obtained by concatenation of
the quantum-limited amplifier and attenuator channel, with
the channel represented in its respective Stinespring dilation.
By acting locally by unitaries USRB ,USE1E2 on a bipartite
system with one subsystem represented by the output of the
channel B and the purifying system R, and the other system
by the auxiliary modes E1 and E2, the total output four-
mode pure state is taken to a product of two-mode squeezed
states ∣ψν+⟩⊗∣ψν−⟩; this is possible since all the involved states
are Gaussian states. Conditioned on the measurement out-
put k1, k2 through a suitable POVM on the auxiliary modes
E1,E2, and undoing the local unitary U
−1
SRB
on the output and
purifying system RB, we obtain the corresponding double-
indexed Kraus operators Tk1,k2 (in the limit of arbitrary large
squeezing). This method is to be compared with the scheme
mentioned in Fig. 3 where there is no joint processing of the
auxiliary modes which are in fact measured individually.
herent states). As detailed in [21], one approach to ob-
tain a set of Kraus operators for noisy amplifiers and
attenuator channels is by concatenation of two quantum-
limited ones. Therefore, as shown in Fig. 3, one can con-
struct the Kraus operators Tz of the noisy channels [of
Eq. (9.1) of ([21])], by composing the Kraus operators of
the quantum-limited attenuator and amplifier channels,
i.e., Tz = TxTy, where z is discrete and double indexed.
We have seen in Sec. III (Fig. 1) that there exist a
unitary USRB that transforms the Choi state into a ten-
sor product of two thermal states, which allows us to find
a decomposition of σˆ(r) depending on the decomposition
of the thermal states into Fock states or coherent states.
The quantum state of the modes R,B,E1,E2 in Fig. 4 is
a pure state and can be seen as a bipartite system with
RB as one subsystem and E1E2 the other. It is known
that all bipartite pure Gaussian states can be mapped
into a tensor product of two-mode squeezed vacuum
states by local Gaussian unitary operations [53]. So we
know that there exists a pair of symplectic operations
SE1E2 and SRB , where SRB realizes the symplectic
diagonalization of modes R and B (during step 2 of the
earlier derivation), that transforms the global pure state
into two pairs of two-mode squeezed vacuum. This is
a purification of the state of Eq. (3.7) one obtains after
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step 2 (of Fig. 1). Therefore by properly selecting the
symplectic operations SE1E2 that contributes partly to
the transformation of the global pure state into two pairs
of two-mode squeezed vacuum, and applying the correct
rank-one POVM, one generates the Kraus operators
obtained in the previous section instead of those of [21].
Remark. As hinted in the previous remark in Sec.
F 1, there is a third straightforward method of obtaining
Kraus operators for noisy channels. This involves com-
posing the Kraus operators of the quantum-limited chan-
nel with Heisenberg-Weyl displacement operators with an
appropriate Gaussian weight, which are the Kraus oper-
ators of the additive Gaussian classical noise channel. ∎
Appendix G: Singular channel A2(α)
The singular channels A2(α) are characterized (in the
canonical form) by (X,Y ) = ((11 + σ3)/2, α11), i.e. the
transfer matrix X is singular, and α ≥ 1. During step 1
of our procedure outlined in Section III, the output state
variance matrix reads
V s(r) = ⎛⎜⎜⎜⎜⎝
cosh2r + α 0 sinh2r 0
0 α 0 0
sinh2r 0 cosh2r 0
0 0 0 cosh2r
⎞⎟⎟⎟⎟⎠ , (G1)
where the superscript ‘s’ denotes a singular channel.
Since the off-diagonal block of V sout(r) is singular, the cor-
responding two-mode Gaussian state is manifestly sepa-
rable by the Lemma of [31], and this is true independent
of the numerical value of squeezing parameter r. The
channel is thus entanglement breaking.
In the case of a quantum-limited singular chan-
nel we have α = 1, and during step 2 of the
derivation of the Kraus operators we perform the
local symplectic (scaling) transformation S1(r) =
diag(1,1, (cosh2r)1/2, (cosh2r)−1/2) ∈ Sp(4,R) to render
the 2× 2 ‘momentum’ block of V s(r) an identity matrix,
resulting in
V (1)(r) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
cosh2r + 1 0 sinh 2r (cosh2r)1/2 0
0 1 0 0
sinh2r (cosh2r)1/2 0 cosh2 2r 0
0 0 0 1
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
(G2)
It is clear that this can be diagonalized using a beam
splitter-type rotation in Sp(4,R) (equal rotation in po-
sition and momentum planes), leading to the canonical
form
V scan(r) = diag(1 + λ,1,1,1),
λ = sinh2 2r + cosh2r, (G3)
the diagonalizing symplectic rotation being
S(θ(r)) = ( cosθ112 − sin θ112
sin θ112 cos θ112
) ,
cos θ =
√
cosh2r√
λ
, sin θ =
sinh 2r√
λ
. (G4)
In step 3 we decompose σˆscan(r) into a Gaussian mix-
ture of coherent states along the ‘position’ quadrature.
The Gaussian state corresponding to V scan(r) in Eq. (G3)
reads as
σˆscan(r) = ∫ dx ′√
πλ
exp[−(x ′)2/λ]
×D(x ′)∣0⟩⟨0∣D†(x ′)⊗ ∣0⟩⟨0∣. (G5)
In step 4 we perform on σˆscan(r) the inverse of the sym-
plectic diagonalization applied in the two earlier stages.
First, we undo the beam splitter rotation of Eq. (G4)
so that the single-mode coherent state D(x ′)∣0⟩ ⊗ ∣0⟩ is
mapped to a two-mode coherent state :
D(x ′)∣0⟩⊗ ∣0⟩→D (x ′ cosθ) ∣0⟩⊗D (x ′ sin θ) ∣0⟩. (G6)
Then we undo the local squeeze transformation S1(r), so
that the pure states in the decomposition of σˆs(r) attain,
for each x
′
, the form
D (x ′ cosθ) ∣0⟩⊗U[S1(r)]†D (x ′ sin θ) ∣0⟩
=D (x ′ cos θ) ∣0⟩⊗D ( x ′ sin θ√
cosh2r
)U[S1(r)]†∣0⟩. (G7)
We have
σˆs(r) = ∫ dx ′√
πλ
exp[−[x ′]2/λ]D [x ′ cos θ] ∣0⟩⟨0∣D [x ′ cos θ]† ⊗D [ x ′ sin θ√
cosh2r
]U[S1(r)]†∣0⟩⟨0∣U[S1(r)]D [ x ′ sin θ√
cosh2r
]† .
(G8)
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Let us now denote x
′
cos θ by x, so that
σˆs(r) = ∫ dx
cos θ
√
πλ
exp[−[x]2/λ cos2 θ]D(x)∣0⟩⟨0∣D(x)† ⊗D [ x tan θ√
cosh2r
]U[S1(r)]†∣0⟩⟨0∣U[S1(r)]D [ x tan θ√
cosh2r
]† .
(G9)
Substituting for θ from Eq. (G4) we obtain
σˆs = sech2r ∫ dx ∣T sx(r)⟩⟨T sx(r)∣, (G10)
where
∣T sx(r)⟩ =√Ns(r) exp [− x22 cosh2r ]
×D(x)∣0⟩⊗D(x tanh 2r)U[S1(r)]†∣0⟩, (G11)
and
Ns =
cosh2 r√
π cosh2r
. (G12)
We can now read off the Kraus operator T sx(r) from the
bipartite vector ∣T sx(r)⟩ in Eq. (G11) as
T sx(r) =√Ns(r) exp [− x22 cosh2r]
×D(x)∣0⟩⟨0∣U[S1(r)]D(x tanh 2r)†. (G13)
The completely positive map A2(r) deduced by the ac-
tion of the noiseless A2 channel on ∣Ψr⟩ is not trace-
preserving, as seen by evaluating the operator integral
∫ dx
′
T s
x
′(r)† T s
x
′(r) = ∫ dx ′ Ns(r) exp[−(x ′)2/ cosh2r]D(x ′ tanh2r)U[S1(r)]†∣0⟩⟨0∣U[S1(r)]D(x ′ tanh 2r)†
= ∫ dx cosh
2 r(π cosh2r)1/2 tanh 2r exp [− x2(cosh2r tanh2 2r)] D(x)U[S1(r)]†∣0⟩⟨0∣U[S1(r)]D(x)†, (G14)
where x = x
′
tanh 2r.
It is easy to see that this operator integral is a thermal
state with variance matrix cosh2r 112, except for the over-
all factor of cosh2 r. The squeezing operation U[S1(r)]†
maps the vacuum state to a (single-mode) squeezed state
with variance matrix V1(r) = diag ((cosh2r)−1, cosh2r).
Then the convex sum action of the displacement opera-
tors, with Gaussian weight factor, maps V1(r) → V2(r) =
diag ((cosh2r)−1 + cosh2r tanh2 2r, cosh2r), which eval-
uates to cosh2r 11.
Expanding this thermal state in the Fock basis, and
accounting for the multiplicative factor of cosh2 r in
Eq. (G14), we get
∫ dxT sx(r)† T sx(r) = ∞∑
n=0
tanh2n r ∣n⟩⟨n∣. (G15)
Going back to Eq. (G13), we write the squeezed vacuum
state as a superposition of Fock states [54, 55], i.e.,
U[S1(r)]†∣0⟩ =√sech ξr ∞∑
n=0
√
2n!
n!
(− tanh ξr
2
)n ∣2n⟩
≡
√
sech ξr ∣ξr⟩, (G16)
where exp[ξr] = √sech2r. The exponential Gaussian
weight factor in Eq. (G13) grows rapidly flat with in-
creasing r, and goes to a constant as r → ∞. Further,
tanh r → 1 in this limit, so we have
√
Ns(r)U[S1(r)]†∣0⟩ = [ cosh2 r√
cosh2r
sech ξr]1/2 [ 1
π1/4
∣ξr⟩]
→ ∣0⟩pos, (G17)
the square-root factor going to unity in this limit, and∣⋅⟩pos is a position eigenket. Here we have used the fact
that the scalar tanh ξr in the Fock basis expansion of ∣ξr⟩
in Eq. (G16) tends to unity and the remaining factors
are identified as the Fock state representation of position
ket ∣0⟩pos. located at zero [56]. Note that tanh2r → 1 as
r →∞. Collecting the above facts, we have
lim
r→∞
T sx(r) = (∣x/√2⟩coh) pos⟨x∣ ≡ Ax, (G18)
where ∣x/√2⟩coh is a coherent state. In the limit r →∞
we recover the condition
lim
r→∞∫ dxT
s
x(r)† T sx(r) = ∫ dxA†xAx = 11. (G19)
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It is clear that the Kraus operator Ax acting on a
state ∣ψ⟩ computes the component of ∣ψ⟩ along position
eigenket ∣x⟩pos, and outputs the coherent state ∣x/√2⟩coh
with amplitude pos⟨x∣ψ⟩, resulting in a measurement-
preparation interpretation of the channel.
Remark. This procedure can be readily extended to
obtain rank-one Kraus operators for the noisy singular
channel A2(α), α > 1, in a manner similar to the earlier
cases. In step 3 of the procedure above, we find in the
noisy case σˆcan(r) to be a product of two thermal states
of nonvanishing temperature, and we expand them both
in the coherent state basis. In the limit r → ∞ we
are left with a Gaussian coherent state decomposition
for σˆ(r). The Kraus operators are now written by
flipping the second ket to a bra of the product coherent
state composing lim
r→∞
σˆ(r). Note that now there is an
additional multiplicative Gaussian factor in each of the
rank-one Kraus operators. ∎
The final example of the single-quadrature noise chan-
nel B1 is not entanglement breaking. Nevertheless, its
Kraus operators can be obtained in a manner analogous
to that of A2 as briefly outlined below.
1. Single quadrature noise B1
The single quadrature noise is the final of the Gaussian
channels that we consider. We mention the basic steps
which leads to the operator-sum representation for these
channels. The single quadrature noise channel is speci-
fied by matrices X = 11 and Y = α(11 + σ3)/2. Under its
one-sided action, Vin(r) → V (r) = Vin(r)+diag(α,0,0,0).
During step 2 we first apply a squeeze transformation,
i.e., V (r) → Vin(r)− 12 V (r)Vin(r)− 12 , and then follow it by
a suitable rotation to obtain Vcan(r). The corresponding
σˆcan(r) is as in Eq. (G5) with the appropriate λ. That is,
σˆcan(r) is the ground state displaced along the x quadra-
ture of the first mode with a Gaussian distribution times
the ground state of the second mode. It is a simple ex-
ercise to check that undoing the rotation and two-mode
squeezing on σˆcan(r) yields a mixture of ∣Ψ(r)⟩ displaced
along the x quadrature of the first mode with a Gaus-
sian distribution. In the large r limit, with appropriate
relabeling of variables, we recover the displacement op-
erators on a single quadrature weighted by a Gaussian
function to be the Kraus operators as expected [21].
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